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Second kind channelsAbstract The Manning’s equation is commonly used to calculate discharge and mean velocity of
the uniform ﬂows. According to experimental data, Manning’s equation with constant Manning’s
coefﬁcient overestimates the discharge of second-kind channels (channels with a closing top-width),
under the partially full ﬂow. This problem can be solved by altering the Manning’s coefﬁcient
depending on the relative ﬂow depth or changing the deﬁnition of the conventional hydraulic
radius, that is, ﬂow area divided by the wetted perimeter. Since, Manning’s coefﬁcient theoretically
depends only on the materials of the wall, so it seems that the second method is preferable.
In current research a new and improved deﬁnition of hydraulic radius for closed conduits ﬂowing
partially full, is presented. This deﬁnition is efﬁcient enough and provides powerful tool to deter-
mine the channel discharge and friction slope of uniform ﬂow via Manning’s equation.
 2015 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
In sewer and tunnel design, it is necessary to be able to predict
the friction slope and velocity or discharge when channel cross-
section is partly full. Manning’s equation has been the mostcommonly used formula in sewer and tunnel design because
of its simplicity and the generally satisfactory results [1]. This
equation is still used as a standard equation for calculation
of mean velocity in uniform ﬂow and hydraulically rough
channels with various cross-sectional shapes. Manning’s equa-
tion uses roughness coefﬁcient, n, to represent resistance





1=2 ð1Þwhere V is velocity, n is Manning’s resistance coefﬁcient, Rh is
conventional hydraulic radius (ﬂow area divided by the wetted
perimeter), S is friction slope and Kn is a constant equal to 1
for metric units and 1.486 for English units.
Figure 1 Schematic sketch for calculation of effective hydraulic
radius, RHE, in terms of l(x,y, i) and l(x,y, j).
Notation
A area of ﬂow
AE effective ﬂow area
D diameter/height of the channel
e height of the bottom arc of horseshoe cross-section
fs free-surface weight factor
h ﬂow depth in the horseshoe channel
Kn conversion coefﬁcient
l(x,y,h) distance between point (x,y) within the conduit
and point on wall designated by angle h
l(x,y, i) distance between point (x,y) within conduit and a
point on wall designated by index i
l(x,y, j) distance between point (x,y) within conduit and
point on free surface designated by index j
LH(x,y) harmonic mean of distances at point (x,y)
m a dummy dimensionless parameter
N division number
n Manning’s resistance coefﬁcient
N1 division number selected to wall region
N2 division number selected to free-surface region
PT total ﬂow perimeter including top water surface
Q ﬂow rate
R radius of horseshoe cross-section
RE effective radius
Rh conventional hydraulic radius
Rh harmonic radius
RH hydraulic radius
RHE effective hydraulic radius
S friction slope
t a characteristic parameter (=R/r)
V velocity
x* dimensionless variable (=x/D)
y* dimensionless variable (=y/D)
h angle designating direction of l(x,y,h)
e dimensionless variable (=e/D)
g dimensionless variable (=h/D)
k dimensionless variable (=xt/D)
DP difference of the total ﬂow perimeter(=PT/N)
768 A.R. Vatankhah et al.It is worth noting that the channel surface roughness, e, for
establishing the hydraulically rough ﬂow should be greater
than 30m [Q(gS)2]0.2, where m, g and Q are the kinematic vis-
cosity, gravitational acceleration and ﬂow discharge, respec-
tively [2]. Moreover, Manning’s equation is valid for
0.004 6 e/R 6 0.04, where R is the hydraulic radius deﬁned
as the ratio of the ﬂow area to the ﬂow perimeter [3]. The
Manning’s equation is usually used by assuming that the
roughness coefﬁcient is constant [4,5]. However, according to
Camp’s experimental data, Manning’s equation with constant
Manning’s coefﬁcient overestimates the discharge of circular
channels under the partially full ﬂow. He attributed this issue
to assuming constant Manning’s coefﬁcient for all ﬂow depths
which is not a realistic assumption. He presented experimental
data in graphical form showing the variation of relative veloc-
ity and relative discharge as a function of the relative ﬂow
depth. These charts have practical usage and have been repro-
duced in many widely used texts (e.g., [4–6]). These curves are
also accepted by the profession and are reproduced in manuals
by the American Society of Civil Engineers [7].
To generalize the Manning’s equation, Fukuchi (2006) [8]
using a constant manning’s coefﬁcient, proposed the concept
of harmonic mean distances from a wall for a new deﬁnition
of hydraulic radius. The results of Fukuchi’s model showed
good agreement with Camp’s chart. He further argued that
his new deﬁnition of hydraulic radius can also be applied to
ﬂow in simple cross-sections and may be developed further
for use with compound channel ﬂows. It seems his model
has a potential to be modiﬁed and used to horseshoe cross-sec-
tions which are very similar to circular cross-sections.
It is important to note that a channel of the second kind
such as circular cross-section channel is a special case of horse-
shoe cross-section channels. Because of superior structural and
hydraulic characteristics of horseshoe cross-sections, these
shapes of the channel are frequently used for free-surface water
conveyance tunnels [9]. Standard horseshoe cross-sectionshave been designed and built for many hydraulic projects in
different countries [10–12].
As described in next sections, Fukuchi’s model which is pre-
sented in polar coordinates is difﬁcult for integration proce-
dure. His deﬁnition for hydraulic radius also yields an
unnecessary constant for the model, which made it hard to
use for different cross sections.
In current research motivated by Fukuchi’s idea, a new
hydraulic radius is deﬁned in Cartesian coordinates. In this
way the unnecessary constant will be eliminated and integra-
tion procedure needed in the model will be simpliﬁed signiﬁ-
cantly. This new model is calibrated using Camp’s
experimental data for circular cross section and then applied
to all types of the standard horseshoe cross-sections which
need to be veriﬁed using the experimental data.
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Fukuchi [8] introduced and approximated harmonic mean of
distances (HMD) from the ﬂow boundaries at a point (x,y)
within the cross-section as Eq. (2) (see Fig. 1).









in which LH(x,y) = harmonic mean of distances at point
(x,y); N1 = division number selected to wall region;
N2 = division number selected to free-surface region;
l(x,y, i) = distance between point (x,y) within conduit and
point on wall designated by index i; l(x,y, j) = distance
between point (x,y) within conduit and point on free surface
designated by index j and fs = free-surface weight factor.
The free-surface weight factor depends on the wall roughness
and must be determined by experimental data [8]. If fs = 1,
the free surface roughness is equivalent to the wall roughness,
and for fs > 1, the free surface roughness is less than the wall
roughness.
It should be noted that required division number for
calculation of HMD based on Eq. (2) depends on the location
within the cross-section. This is a serious weakness for
Fukuchi’s method. As will be shown in current research, a
more economical computation method can be adopted by con-
sidering new integral deﬁnition of the harmonic mean of dis-
tances in the Cartesian coordinates.
Fukuchi [8] also deﬁned harmonic radius (HR) as average






In pipe ﬂow at full discharge, the harmonic radius can be cal-
culated using numerical integration as Rh = 0.278D (D is the
diameter of the channel). To express the equivalence between
conventional hydraulic radius (CHR) and HR in the case of full
ﬂow, Fukuchi [8] introduced constant 0.899. Applying this con-
stant at the full discharge, RH = 0.899Rh = 0.899 ·
0.278D= 0.25D, where RH = harmonic hydraulic radius
(HHR). He considered the HHR constant, 0.899, as one of the
most basic criteria for calculation of mean velocity using the
HHR (i.e. RH = 0.899Rh for any ﬂow depth).
Considering difference of h, that is, Dh= 2p/(N1 + N2) as
a constant, Eq. (2) (summation form of the harmonic mean
deﬁnition) can be written in integral form as [8]









in which l(x,y,h) = distance between point (x,y) within the
conduit and point on wall designated by angle h and h= angle
designating direction of l(x,y,h). The integral deﬁnition of Eq.
(4) is presented in polar coordinates. It should be noted that for
a partially ﬁlled circular channel, the Cartesian coordinates is
more efﬁcient than the polar coordinates in integration proce-
dure. Thus it is very suitable to present all the integrations
and deﬁnitions in the Cartesian coordinates.
Motivated by Fukuchi’s idea, and trying to eliminate HHR
constant, this study presents a new hydraulic radius, RH, as
average of effective hydraulic radius, RHE, over the cross-
section area. Using this new deﬁnition the CHR and HR areequal for full ﬂow conditions. Based on this deﬁnition, all
equations are in the Cartesian coordinates and thus can be
computed simply and accurately.
3. New deﬁnition of hydraulic radius
Here we introduce the new hydraulic radius, RH, as average of






where effective hydraulic radius for each point within the




in which PT = total ﬂow perimeter including top water surface
and AE = effective ﬂow area. Effective ﬂow area, AE, is









As seen, effective radius, RE, is deﬁned using harmonic
mean of squared distances (HMSD). The effective ﬂow area
can be determined as AE = p RE










As the division number, N, tends to inﬁnity, Eq. (8) for a






As noted Eq. (9) is presented in the Cartesian coordinates. It
is worth noting that to convert the summation form (Eq. (8))
into the integral form (Eq. (9)), difference of the total ﬂow
perimeter, that is, DP= PT/N must be constant over the ﬂow
boundaries. In other word, the total ﬂow perimeter is divided
to N equal parts (DP= DT, see Fig. 1). It should be noted that
Eq. (9) is applicable for both full and partially full ﬂows.
However as mentioned before in the case of partially full ﬂow
to take in account roughness differences of wall and water sur-
face, the free-surface weight factor, fs, should be used. In this
case, the integral of Eq. (9) is converted in two integral for wall










ð10Þ4. Application of proposed model for closed conduits
4.1. Circular cross-section
In the following, the model is applied to an open channel ﬂow
with a circular cross-section. The geometry of the channel with
the coordinate system associated with the used symbols is
Figure 2 Coordinate system and model parameters for a circular
cross-section.
770 A.R. Vatankhah et al.shown in Fig. 2. The effective hydraulic radius, RHE, at any
arbitrary point (x,y) within the cross-section is affected by
each element of the boundary (dP or dT).
The ﬂow boundaries in the channel consist of solid bound-
aries of the side walls (left wall and right wall) and the free sur-
face at the top of the channel. In order to get the total effect of
these boundaries, integration of Eq. (10) should be carried out
















According to Fig. 2, for a circular cross-section, ll, lr and lt






















ðx  kÞ2 þ ðy  gÞ2
q
ð14Þ
where x* = x/D, y* = y/D, g= h/D, k= xt/D, D is diameter
of the channel, h is ﬂow depth in the channel, (xc,yc) are
coordinates of each point on the wetted perimeter, (xt,h) is
coordinate of each point on the free surface line, and (x,y) is
coordinate of any arbitrary point within the cross-section.






















































in which m is a dummy dimensionless parameter. Eqs. (15)–
(17) can be used to calculate the effective hydraulic radius,
RHE, and its average (i.e. hydraulic radius, RH,) using numeri-
cal integration methods.
For full discharge condition, by numerical integration it can
be calculated that RH = 0.250196D (@0.25D). As seen, the new
hydraulic radius, RH, is equivalent to conventional hydraulic
radius, CHR, at full discharge state.
4.2. Horseshoe cross-sections
A horseshoe cross-section as shown in Fig. 3, consists of four
arc segments; a top arc with the radius of r, a bottom arc with
the radius of R and two lateral arcs with the same radius of R
but different circular centers [13]. Horseshoe cross-sections can
be classiﬁed using the characteristic parameter t= R/r. When
t= 3, the cross-section is called as standard I-type horseshoe
cross-section, and when t= 2, the cross-section is considered
as standard II-type horseshoe cross-section [11]. Note that
when t= 1, the horseshoe cross-section is exactly the same
as a circular cross-section.
Fig. 3 depicts a general horseshoe cross-section and
corresponding geometric symbols at the three different water
depths (h): (1) 0 6 h 6 e; (2) e 6 h 6 r; and (3) r 6 h 6 2r in
which e is the height of the bottom arc; e= 0.12917r
(h= 0.294515 rad) for the I-type, and e= 0.17712r
(h= 0.424031 rad) for the II-type cross-section, respectively
[13]. Liu et al. [13] presented required formulas for computing
geometric elements (wetted perimeter and ﬂow area) at the
three ranges of water depth, h, for standard horseshoe cross-
sections. According to these formulas, conventional hydraulic
radius, CHR, is equal to 0.253810D for the I-type, and is equal
to 0.253855D for the II-type cross-section, respectively
(D= 2r= height of the channel/tunnel).
In the following, the model is applied to an open channel
ﬂow with a horseshoe cross-section. The cross-section is
divided into three different height ranges. The coordinate sys-
tem and different height ranges (zones) is shown in Fig. 4.
Following the same approach used in previous section, the
integral terms of Eq. (11) can be calculated for three different
zones of a horseshoe cross-section using the following
relationships.
Zone I (0 6 y* 6 e):Z
left wall
1
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Figure 3 Horseshoe cross-section and its geometric symbols at three depths: (1) 0 6 h 6 e; (2) e 6 h 6 r; and (3) r 6 h 6 2r = D.
Figure 4 Horseshoe cross-section and coordinate system and
different height zones.























































































































































































































in which m is a dummy dimensionless parameter, x* = x/D,
y* = y/D, e= e/D, 0 6 g1 = h/D 6 e, e 6 g2 = h/D 6 1/2, 1/
2 6 g3 = h/D 6 1.
In a horseshoe channel at full ﬂow state, by numerical
integration it is obtained RH = 0.252667D (@0.253810D) for
the I-type, and RH = 0.253156D (@0.253855D) for the II-type
cross-section. As seen, the new hydraulic radius, RH, is
approximately equivalent to conventional hydraulic radius at
full discharge state with percentage error less than 0.5%.
5. Model calibration
To improve the Manning’s equation accuracy, this equation
can be used either with variable Manning’s coefﬁcient along
with conventional hydraulic radius or with new hydraulic
radius in company with constant Manning’s coefﬁcient for full















in which V is velocity, Q is ﬂow rate, A is area of ﬂow, sub-
script ‘‘new’’ denotes new approach computations, subscript
‘‘conventional’’ denotes computations base on conventional
method and subscript ‘‘f’’ denotes full ﬂow conditions.
The results are function of water surface weight factor
hence the value of fs is used as a calibration factor in the pro-
posed model. Camp’s data is used for calibration procedure.
These data are for 8-inch sewer pipe (concrete) and for drain
tiles 4 to 12 inches in diameter. Camp [14] presented these
curves in a non-dimensional form which is applicable for circu-
lar channels with any kind of roughness as used successfully by
professionals for many years.
By testing different values of fs, best surface weight factor
that agrees with experimental data was determined asFigure 5 Hydraulic elements charts for pipe ﬂow.
Figure 6 Hydraulic elements charts for all types of horseshoe
cross-sections.fs = 1.35. By applying fs = 1.35, Eqs. (21) and (22) are com-
puted using new model for circular cross-sections. Fig. 5 shows
the comparison between new model results and Camp’s charts.
The very good agreement between computed and experimental
data proves the suitability of new model for the practical com-
putation of mean velocity and discharge of the circular cross-
section channels. The free-surface weight factor, fs = 1.35,
that gives good agreements is recommended to use for all types
of horseshoe cross-sections that are very similar to circular
cross-section. However more experimental data needed to ver-
ify this coefﬁcient for these non-circular cross sections. For
other types of second kind cross sections that are not similar
to circular cross sections, this coefﬁcient is not valid and
experimental researches are necessary.6. Model results (hydraulic elements charts)
By applying fs = 1.35, Eqs. (21) and (22) are computed using
new model for all types of horseshoe cross-sections. Fig. 6
shows numerical results.
In this ﬁgure the results for circular cross section is veriﬁed
by experimental data as shown in Fig 5. Although it is
expected that results for horse shoe cross sections are valid
but experimental validation is recommended.
As seen, using new model, Camp’s chart (experimental data
[13]) can be mapped to other horseshoe cross-sections. As
Fig. 6 depicts, hydraulic elements charts of the standard I-type
and II-type horseshoe cross-sections are nearly equivalent but
different than circular cross-section.7. Application example
The height of a tunnel is H= 4 m and its longitudinal slope is
0.001. The Manning’s roughness coefﬁcient for this tunnel is
0.015 (constant Manning’s coefﬁcient). Determine the normal
ﬂow depth of the tunnel corresponding to the discharge
15 m3/s for the following tunnel cross-sections: (a) circular (b)
standard I-type horseshoe (c) standard II-type horseshoe.
7.1. Circular cross-section
For a circular tunnel of height H in full ﬂow conditions, the
ﬂow area, wetted perimeter and conventional hydraulic radius
are respectively as 0.25pH2, pH and 0.25H. Thus applying
Manning’s equation (n= 0.015, H= D= 4 m and
S= 0.001) one gets Vf = 2.108 m/s and Qf = 26.492 m
3/s.
From Fig. 6 for Q/Qf = 0.566 one obtains y/D= 0.605 thus
normal ﬂow depth is 2.420 m. Also from Fig. 6 for
y/D= 0.605 one obtains V/Vf = 0.894 thus V= 1.885 m/s.
7.2. Standard I-type horseshoe cross-section
The ﬂow area, wetted perimeter and conventional hydraulic
radius are respectively as 0.829H2, 3.267H and 0.254H.
Applying Manning’s equation (n = 0.015, H = 4 m and S
= 0.001) one gets Vf = 2.130 m/s and Qf = 28.866 m
3/s.
From Fig. 6 for Q/Qf = 0.520 one obtains y/D = 0.554 thus
normal ﬂow depth is 2.216 m. Moreover from Fig. 6 for y/D
= 0.554 one obtains V/Vf = 0.867 thus V = 1.847 m/s.
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The ﬂow area, wetted perimeter and conventional hydraulic
radius are respectively as 0.847H2, 3.338H and 0.254H. Thus
applying Manning’s equation (n = 0.015, H = 4 m and S
= 0.001) one obtains Vf = 2.130 m/s and Qf = 28.261 m
3/s.
From Fig. 6 for Q/Qf = 0.531 one gets y/D = 0.566 thus nor-
mal ﬂow depth is 2.264 m. Also from Fig. 6 for y/D = 0.566
one obtains V/Vf = 0.875 thus V = 1.864 m/s.
8. Conclusion
This study has proposed a new and improved deﬁnition of
hydraulic radius for closed conduits ﬂowing partially full to
calculate the discharge or mean velocity of a uniform ﬂow,
in which Manning’s roughness coefﬁcient is constant. The
numerical results provide evidence that this efﬁcient method
can offer good performance in producing the hydraulic ele-
ments charts of the circular cross-sections by applying the
free-surface weight factor, fs = 1.35, as a calibration factor.
As an application of the proposed model, hydraulic elements
charts of the standard I-type and II-type horseshoe cross-sec-
tions were presented. These charts are useful when experimen-
tal data are not available. However, it is better to be veriﬁed
with experimental data.
The proposed method can also be extended to channels of
the second kind and any sewer section shape (egg-shaped, semi
elliptical and so on) used in the wastewater and stormwater
transportation systems. Future developments will be focused
on engineering applications of the presented model for other
kinds of the channels.
Acknowledgement
The ﬁrst author gratefully acknowledges the support provided
by the Center of Excellence for Evaluation and Rehabilitation
of Irrigation and Drainage Networks, University of Tehran.
References
[1] Akgiray O. Simple formulae for velocity, depth of Flow, and slope
calculations in partially ﬁlled circular pipes. Environ. Eng. Sci.
2004;21(3):371–85.
[2] Hager WH. Discussion of noncircular sewer. J. Environ. Eng.
1989;115(1):274–6.
[3] Christensen BA. Discussion of ﬂow velocities in pipelines. J
Hydraul Eng 1984;110(10):1510–2.
[4] Metcalf and Eddy. Wastewater engineering: collection and
pumping of wastewater. New York: McGraw-Hill; 1981.
[5] Beneﬁeld LD, Judkins JF, Parr AD. Treatment plant hydraulics
for environmental engineers. Englewood Cliffs, NJ: Prentice-Hall;
1984.
[6] Chow VT. Open channel hydraulics. New York: McGraw-Hill;
1959.[7] ASCE. Design and construction of urban stormwater manage-
ment systems water. ASCE manuals and reports of engineering
practice no. 77, WEF manual of practice FD-20. Environment
Federation, American Society of Civil Engineers, USA; 1992.
[8] Fukuchi T. Hydraulic elements chart for pipe ﬂow using new
deﬁnition of hydraulic radius. J Hydraul Eng ASCE
2006;132(9):990–4.
[9] Chengdu University of Science and Technology. Hydraulics,
Hydraulic Research Div., ed., vol. 2, The People’s Education
Publishing Company, Beijing; 1979.
[10] Hu WW. Hydraulic elements for USBR standard horseshoe
tunnel. Transp Eng J 1973;99(4):973–80.
[11] Lv HX, Xin QC, Hua LF. Calculation on normal depth of
horseshoe cross section by iterative method. J Yangtze River Sci
Res Inst 2001;18(3):7–10.
[12] Merkley GP. Standard horseshoe cross section geometry. Agri
Water Manage 2005;71(1):61–70.
[13] Liu JL, Wang ZZ, Fang X. Iterative formulas and estimation
formulas for computing normal depth of horseshoe cross-section
tunnel. J Irrig Drain Eng ASCE 2010;136(11):786–90.
[14] Camp TR. Design of sewers to facilitate ﬂow. Sewage Works J
1946;18(3):3–16.
Ali R. Vatankhah received his M.Eng. (1999)
and Ph.D. (2008) from University of Tehran.
He is currently an associate professor in the
Department of Irrigation and Reclamation
Engineering, University of Tehran, Iran. He
has authored more than 105 international
refereed journal articles. His research interests
include investigation of hydraulic behavior of
irrigation structures and their optimum
design, and mathematical modeling in open
channel hydraulics.S. Ghafari she is currently a PhD student at
Bualisina University. Her main areas of
research interest are numerical analysis and
mathematical modeling in hydraulics.A. Mahdavi Mazdeh he graduated from uni-
versity of Tehran, Iran and did his PhD in the
same university in 2010. Currently, he is an
assistant professor in Imam Khomeini
International University. His ﬁeld of scientiﬁc
interests are hydraulic behavior of irrigation
structures, low pressure drip irrigation, sedi-
ment and pollutant transport modeling.
